Abstract. We establish a Denjoy-Wolff theorem for compact holomorphic self-mappings of bounded and strictly convex domains in arbitrary complex Banach spaces.
Introduction
The following version of the Denjoy-Wolff theorem ( [8] , [33] , [34] and [35] ) for bounded and strictly convex domains in complex and reflexive Banach spaces has recently been established in [4] (see [3] and [5] for an up-to-date list of references regarding this topic). Since the assumption that the complex Banach space (X, ∥ · ∥) is reflexive is essential in [4] , it is natural to ask if Theorem 1.1 holds in all Banach spaces. In the present paper we answer this question in the affirmative. In other words, we extend Theorem 1.1 to the case of compact holomorphic (more generally, k D -nonexpansive) self-mappings of bounded and strictly convex domains in arbitrary complex Banach spaces. We also show that the sequence {f n } of the iterates of f converges to the constant map taking the value ξ even in the bounded-open topology. Observe that in such a general setting, the main difficulty is that we cannot use either complex geodesics or reflexivity in the proofs of our results. We do, however, retain the compactness assumption on our self-mappings because in the setting of infinite-dimensional complex Banach spaces, the Denjoy-Wolff theorem fails even for biholomorphic self-mappings of the open unit ball in Hilbert space [32] .
Next, for any a ∈ ∆, consider the Möbius transformation m a : ∆ → ∆ defined by
This mapping is not only a biholomorphic automorphism of ∆, but also a k ∆ -isometry. We also know that for each pair of distinct points x, y ∈ ∆, there exist a unique geodesic line in (∆, k ∆ ) passing through them and a unique geodesic segment [x, y] joining them, i.e., for each 0 ≤ t ≤ 1, there is a unique point z
} is the unique geodesic line passing through 0 and z ( [16] , [9] ). Now let D be a bounded and convex domain in a complex Banach space (X, ∥·∥). We use the following definition of the Kobayashi distance on D. This definition is, in fact, the definition of the Lempert function δ ( [30] , [11] ):
It is known that the Kobayashi distance k D is locally equivalent to the norm ∥·∥ in X [18] .
We also recall the following result.
Lemma 2.1. [21] , [28] , [29] Let D be a bounded and convex domain in a complex Banach space (X, ∥·∥).
This result shows, for example, that our horospheres are convex (see Theorem 3.1(i) below). It is also used in the proof of Theorem 3.2.
In order to recall a characterization of k D -bounded sets, we need the following notion. Let D be a bounded and convex domain in a complex Banach space (X, ∥·∥). It is known that a nonempty subset C of D is k D -bounded if and only if C lies strictly inside D [18] .
Next we recall the definition of strict convexity. 
Using strict convexity, one can prove the following very useful lemma. 
The notion of a nonexpansive (that is, 1-Lipschitz) mapping plays a key role in our paper. This is due to the fact that if D 1 and D 2 are bounded domains in the complex Banach spaces (X 1 , ∥·∥ 1 ) and (X 2 , ∥·∥ 2 ), respectively, and k D 1 and k D 2 are the Kobayashi distances on D 1 and D 2 , respectively, then each holomorphic mapping f :
for all x, y ∈ D 1 [18] (see also [9] , [14] , [16] , [19] and [31] ).
In particular, if D is a bounded domain in a complex Banach space
Such a mapping is a strict k D -contraction according to the Earle-Hamilton theorem [12] (see also [14] ).
Theorem 2.3. [12] Let D be a bounded domain in a complex Banach space (X, ∥·∥). If a holomorphic f : D → D maps D strictly inside itself, then there exists a number 0 ≤ t < 1 such that
for all x and y in D.
Hence, if D is a bounded and convex domain in a Banach space (X, ∥·∥), then by the Earle-Hamilton theorem, the mapping g s,z (·) :
and has exactly one fixed point, which we denote by h f (s, z). [7] , [14] and [17] ) as the limit of the sequence
} . Finally, we recall the definition of a compact mapping. Using Całka's theorem [6] , one arrives at the following basic result. [20] , [21] and [26] ) Let D be a bounded and convex domain in a complex Banach space 
Theorem 2.4. [28] (see also
(X, ∥ · ∥). If f : D → D is k D -(i) f has a fixed point; (ii) there exist a point x ∈ D and a k D -bounded subsequence {f n i (x)} of its iterates; (iii) there exists a point x ∈ D such that {f n (x)} is k D -bounded; (iv) for each point x ∈ D, the sequence {f n (x)} of its iterates is k D -bounded; (v) there exists a nonempty, k D -closed, convex, k D -bounded and f -invariant sub- set C of D; (vi) there exists a nonempty, k D -bounded and f -invariant subset C of D; (vii) there exists a k D -bounded and norm convergent sequence {x n } with (f (x n ) − x n ) → 0; (viii) there exists a k D -bounded sequence {x n } such that (f (x n ) − x n ) → 0.
Horospheres
The main tool in the proof of our Denjoy-Wolff theorem (see Section 4) is the horosphere H(x, ξ, R, {x n }). To define it, we first recall that the set N of natural numbers can be treated as a sequence {n} n∈N . Hence it has a subnet {n γ } γ∈Γ which is an ultranet (see [13] and [22] for properties of ultranets). We fix, once and for all, such a subnet {n γ } γ∈Γ . Now we define the horosphere H(x, ξ, R, {x n }) in the following way.
Definition 3.1.
[5] (see also [21] , [27] and [29] ) Let D be a bounded and convex domain in an arbitrary complex Banach space (X, ∥ · ∥). Let x ∈ D, ξ ∈ ∂D, R > 0, x n ∈ D, n = 1, 2, . . ., and lim n→∞ x n = ξ. The horosphere H(x, ξ, R, {x n }) in D is defined as follows:
The following properties of the horospheres H(x, ξ, R, {x n }) are known. 
Observe that directly from (iii) we get that if for somex ∈ D all the horospheres H(x, ξ, R, {x n }) are nonempty, then the same is true whenx is replaced with any x ∈ D. We do not know, however, whether for each R > 0, the horosphere H(x, ξ, R, {x n }) is always nonempty. Recall that this is valid for open unit balls in complex Banach spaces ( [5] , [20] , [21] , [26] , [27] , [29] ; see also [1] , [2] and [3] for the case of bounded and convex domains in C k ). Now we prove this fact in the special case where the sequence {x n } stems from a compact, fixed-point-free and k D -nonexpansive self-mapping f of D; in particular, from a compact, fixed-point-free and holomorphic self-mapping of D. In contrast with [4] , we no longer assume that the complex Banach space X is reflexive.
Theorem 3.2. Let D be a bounded and convex domain in an arbitrary complex Banach space (X, ∥ · ∥). Let f : D → D be a compact, k D -nonexpansive and fixedpoint-free mapping. Fixx ∈ D and an arbitrary sequence {z n } ⊂ D. Let the sequences {s n } ⊂ R and {x n } ⊂ D be such that
for each n ∈ N, and lim
Then the horosphere H(x, ξ, R, {x n }) is nonempty for each R > 0.
Proof. Directly from the definition of the Lempert function, we get that for each w ∈ D, w ̸ =x, and for each ε > 0, there exist a holomorphic function F w,x,ε : ∆ → D and a real number 0 < t w,x,ε < 1 such that F w,x,ε (0) =x, F w,x,ε (t w,x,ε ) = w, and , w) and take 0 <t w,x,α < t w,x,ε such that k ∆ (0,t w,x,α ) =α. Then we havẽ
Next fix R > 0 and let α > max{− 1 2 log R, 0}. Since lim n→∞ x n = ξ ∈ ∂D, we can assume, without any loss of generality, that 0 < α < k D (x, x n ) for each n ∈ N. Then for each point y xn,x,α,
Since (see Lemma 2.1)
the sequence {z xn,x,α } n∈N lies strictly inside D. Next, we note that
where the sequence {f (y xn,x,α,
. This implies that the ultranet {z xn γ ,x,α } γ∈Γ is convergent in the norm topology to a limit point zx ,α ∈ D. Hence we have lim
(see Lemma 2.1). This means that the point zx ,α belongs to H(x, ξ, R, {x n }) and so the horosphere H(x, ξ, R, {x n }) is indeed not empty, as claimed.
Using now Theorem 3.1 and the beginning of the proof of Theorem 4.1 in [4], we get the following result which is crucial for the proof of our main theorem (Theorem 4.1 below). 
Then each horosphere H(x, ξ, R, {x n }) is nonempty and f -invariant, and the intersection
is the singleton {ξ}.
A Denjoy-Wolff theorem
We are now ready to formulate and establish the main theorem of our paper. 
(where z n ∈ D, 0 < s n < 1 for n = 1, 2, . . ., and lim n→∞ s n = 1), which converges to a point ξ ∈ ∂D. By Theorem 3.3, for each R > 0, the closure in (D, k D ) of the horosphere H(x, ξ, R, {x n }) is a nonempty and f -invariant set. Next, since f is fixed-point-free, Theorem 2.4 implies that for each z ∈ D, we have
Let ∅ ̸ = A ⊂ ∂D denote the set of all accumulation points of the sequence {f n (z)}. By Lemma 2.2, the set A is independent of the choice of z ∈ D and therefore by Theorem 3.3 we get
where ξ ∈ ∂D. The equality A = {ξ} implies that lim n→∞ f n (z) = ξ. Now take an arbitrary norm-convergent sequence {f
Choose an arbitrary norm-convergent subsequence {f (x i j )} of the sequence {f (x i )} (recall that the mapping f is compact) and let lim j→∞ f (
This means that the sequence {f n i (x i )} also tends to ξ as i → ∞. Therefore the sequence {f n } of the iterates of f converges in the bounded-open topology to the constant map taking the value ξ. This completes the proof of Theorem 4.1.
Since any holomorphic self-mapping f of D is k D -nonexpansive, Theorem 4.1 immediately yields the following version of our Denjoy-Wolff theorem for bounded and strictly convex domains in an arbitrary complex Banach space. We call the point ξ ∈ ∂D, obtained in Theorems 4.1 and 4.2, the Wolff point of f . Now, as in [4] , we obtain the following three corollaries. x(s, z) ).
